Abstract. An example of an extension of a completely simple semigroup U by a group H is given which cannot be embedded into the wreath product of U by H. On the other hand, every central extension of U by H is shown to be embeddable in the wreath product of U by H, and any extension of U by H is proved to be embeddable in a semidirect product of a completely simple semigroup V by H where the maximal subgroups of V are direct powers of those of U .
Introduction
Group extensions play a fundamental role both in the structure theory and in the theory of varieties of groups. The following basic result was proved in 1950, see [2] :
Kaloujnine-Krasner Theorem. Any extension of a group N by a group H is embeddable in the wreath product of N by H.
Note that the wreath product of N by H is a special semidirect product of a direct power of N by H, see the details below.
Completely simple semigroups are often considered as a natural and close generalization of groups. In this paper we establish that the Kaloujnine-Krasner Theorem fails to hold for extensions of completely simple semigroups by groups, where extension is taken within the class of regular, or equivalently, of completely simple semigroups. However, it is valid within the class of central completely simple semigroups, and a slightly weaker embedding theorem holds in general: each extension of a completely simple semigroup U by a group H is embeddable in a semidirect product of a completely simple semigroup V by H where V is "close" to U (e.g., the maximal subgroups of V are direct powers of those of U ), and in the special case where U is a group, the embedding given in the proof coincides with that well known from a standard proof of the Kaloujnine-Krasner Theorem.
Preliminaries
For the undefined notions and notation the reader is referred to [1] and [3] .
Let T be a semigroup and let H be a group with identity element N . We say that H acts on T (on the left by automorphisms) if a map
t is given such that, for all t, u ∈ T and A, B ∈ H, we have
If T is a semigroup acted upon by the group H then an associative multiplication can be defined on the set T ×H by the rule (t, A)(u, B) = (t· A u, A·B). The semigroup so obtained is called the semidirect product of T by H (with respect to the given action), and is denoted by T H. Observe that if T is also a group then this construction is the usual semidirect product of groups.
Notice that the second projection T H induces a group congruence ρ on T H, and (T H)/ρ is isomorphic to H. Moreover, the identity element of the group (T H)/ρ is
called the kernel of ρ, which is a subsemigroup in T H isomorphic to T .
Note that a semidirect product of a completely simple semigroup by a group is completely simple. Green's relations L and R on a semidirect product can be described in the following way. Proposition 2.1. Let T H be a semidirect product of a regular semigroup T by a group H. Then, for any elements (t, A), (u, B), we have
Now let T be a semigroup and let H be a group. An action of H on the direct power T H can be defined in the following natural way: for any f ∈ T H and A ∈ H, let By the Rees-Suschkewitsch Theorem, a completely simple semigroup is in most cases represented throughout the paper as a Rees matrix semigroup with a normalized sandwich matrix. A completely simple semigroup is called central if the product of any two of its idempotents lies in the centre of the containing maximal subgroup. It is well known that a Rees matrix semigroup M[G; I, Λ; P ] with P normalized is central if and only if each entry of P belongs to the centre of G.
The group congruences of a Rees matrix semigroup with a normalized sandwich matrix are characterized as follows. Proposition 2.2. Let S = M[G; I, Λ; P ] be a Rees matrix semigroup where P is normalized. Assume that N is a normal subgroup of G such that every entry of P belongs to N . Define a relation ρ on S such that, for every (i, g, λ), (j, h, µ) ∈ S, let
Then ρ is a group congruence on S such that S/ρ is isomorphic to G/N and
Conversely, every group congruence on S is of this form for some normal subgroup N of G where all entries of P belong to N .
This proposition implies that the kernel of any group congruence of a completely simple semigroup is completely simple. Conversely, it is routine to check that if S is a regular semigroup and ρ is a group congruence on S such that Ker ρ is a completely simple subsemigroup of S then S is necessarily completely simple. This allows us to extend the notion of a group extension in the following manner: given completely simple semigroups S, U and a group H, we say that S is an extension of U by H if there exists a group congruence ρ on S such that S/ρ is isomorphic to H and Ker ρ is isomorphic to U . For example, a semidirect product of a completely simple semigroup T by a group H is an extension of T by H. Now we present an isomorphic copy of the wreath product T H of a Rees matrix semigroup T = M[G; I, Λ; P ] by a group H which allows us to make the calculation in the next section easier. First, it is routine to see that the direct power
is the following sandwich matrix: for any ξ ∈ Λ H and η ∈ I H we have Ap H ξη = p Aξ,Aη (A ∈ H). Moreover, the action in the definition of the wreath product determines the following action when replacing
Notice that, for any A ∈ H, we have Finally, we sketch a standard proof of the Kaloujnine-Krasner Theorem.
Let G be an extension of N by H. Without loss of generality, we can assume that N is a normal subgroup of G and H = G/N . Choose and fix an element r A from each coset A of N in G such that r N is the identity element of G. It is straightforward to check that the map
A·gN (2) is an embedding. Since κ is a morphism, the equality
holds for every g, h ∈ G.
Embeddability in a wreath product
In this section first we notice that the Kaloujnine-Krasner Theorem can be easily extended to central completely simple semigroups. Moreover, we establish that it fails in general: we present a completely simple semigroup which is an extension of a completely simple semigroup by a group, and is not embeddable in their wreath product.
Let S = M[G; I, Λ; P ] be an extension of a completely simple semigroup U by a group H where P is chosen to be normalized. By Proposition 2.2, we can assume that there is a normal subgroup N of the group G such that all entries of the sandwich matrix P belong to N , and we have H = G/N and U = M[N ; I, Λ; P ] ⊆ S.
First suppose that S is central, i.e., each entry of P belongs to the centre of the group G. Note that, in this case, U is necessarily also central. In this case, we can mimic the proof of the Kaloujnine-Krasner Theorem sketched in the previous section. For, it is routine to check by applying (2) and (3) that the map
is an embedding. This verifies the following statement. Proposition 3.1. Each central completely simple semigroup which is an extension of a (necessarily also central) completely simple semigroup U by a group H is embeddable in the wreath product of U by H. Now we turn to investigating the general case where S is an arbitrary completely simple semigroup. Suppose that there exists an embedding S → U H, i.e., an embedding 
if and only if (
, and this is the case if and only if η 1 = η 2 . Moreover,
if and only if [(η, f, ξ) , A] depends only on η, while its L-class depends only on ξ and A. Since the morphism ϕ sends R-equivalent elements to R-equivalent elements, and L-equivalent elements to L-equivalent elements, we obtain that, for each i ∈ I, there exists η i ∈ I H , and for each (A, λ) ∈ H × Λ, there exists ξ A,λ ∈ Λ H , such that, for every g ∈ G, we have
for any i, j ∈ I, g, h ∈ G and λ, µ ∈ Λ. This equality holds if and only if f
for any i, j ∈ I, g, h ∈ G and λ, µ ∈ Λ, and
for any g, h ∈ G and µ ∈ Λ. Notice that (6) is equivalent to requiring that
for every µ ∈ Λ and A ∈ H. Therefore, later on, we shortly write ξ µ and A ξ µ instead of ξ N,µ and ξ A,µ , respectively. By (1), equality (5) is equivalent to
Substituting g = h = 1 and g = p −1 λi , h = 1, j = i, respectively, where 1 denotes the identity element of N , we obtain from (7) that
, and the latter implies f iλ p
If p λi = 1 then the map
is an injective group morphism. For, it is injective since ϕ is injective, and by (7), we have p
), and so
We now give a suitable group G, a normal subgroup N of G and a Rees matrix semigroup S = M[G; I, Λ; P ] for which no such injective morphism ϕ exists.
Let G be the non-commutative group of order 21. To ease our calculations, we present G in the form G = Z 7 2 where Z 7 is the additive group of the ring of residues modulo 7, 2 = {1, 2, 4} is the subgroup of the (multiplicative) group of units of the same ring generated by 2, and 2 acts on Z 7 by multiplication. The second projection of G is a morphism onto [2] , its kernel is N = {(a, 1) : a ∈ Z 7 } isomorphic to Z 7 , and the map H = G/N → [2] , (a, k)N → k is an isomorphism. For our later convenience, we identify H with [2] via this isomorphism. Let I = Λ = {1, 2}, and denote by P the normalized sandwich matrix of type Λ × I over G consisting of the elements p 11 = p 12 = p 21 = (0, 1), the identity element of N , and p 22 = (1, 1) ∈ N , an element of order 7.
Now we assume that ϕ is an embedding of the form (4) from this Rees matrix semigroup S, and apply the general properties deduced so far for this S.
The elements of order 3 in G and N Theorem 4.1. Any extension of a completely simple semigroup U by a group H is embeddable in a semidirect product of a completely simple semigroup V by the group H, where the maximal subgroups of V are direct powers of the maximal subgroups of U .
Proof. Let S be an extension of U by H. As above, we can assume that S = M[G; I, Λ; P ] where the sandwich matrix P is normalized, and by Proposition 2.2, there is a normal subgroup N of G such that every entry of P belongs to N , and
Consider the action of H on N H defining the wreath product N H, and, for any g ∈ G, the map f g ∈ N H defined in (2) . By means of S, we define a suitable semigroup V , an action of H on V , and an embedding of S into the semidirect product of V by H.
, where the entries of Q belong to the direct power N H : for any (B, λ) ∈ H × Λ and j ∈ I, let
Define an action of H on H × Λ by the rule f g , (gN, λ) ), gN ).
We intend to verify that ψ is an embedding. Assume that (i, g, λ)ψ = (j, h, µ)ψ, i.e., (i, f g , (gN, λ) ), gN ) = (j, f h , (hN, µ) ), hN ). Hence i = j, λ = µ, gN = hN and f g = f h . Since κ in (2) is injective, the last two equalities imply g = h, and so (i, g, λ) = (j, h, µ) follows.
